In this paper, we introduce the bi-periodic Jacobsthal and Jacobsthal-Lucas quaternions. We give the Binet formulas and the generating functions for these quaternions. We obtain some well-known identities such as the Cassini, Catalan and D'ocagne's identities. Additionally, we give summation formulas and the relationships between bi-periodic Jacobsthal and Jacobsthal-Lucas quaternions.
Introduction
Number sequences such as Fibonacci, Pell, Lucas, Jacobsthal, etc., have been studied by many authors (Horadam, 1996; Horadam, 1971; Koshy, 2001) . These sequences play an important role in many fields of science (El Naschie, 2005; 2007; Kilic & Stakhov, 2009; Stakhov, 2005) . For instance, microcontrollers and other computers use conditional instructions to change the flow of execution of a program. Additionally, some microcontrollers use skip instructions that conditionally bypass the next instruction. This is useful for one case out of the four possibilities on 2 bits, 3 cases on 3 bits, 5 cases on 4 bits, 11 on 5 bits, 21 on 6 bits, 43 on 7 bits, 85 on 8 bits, etc., which are the Jacobsthal numbers (Horadam, 1996) . Jacobsthal and Jacobsthal-Lucas numbers are defined by, respectively, = −1 + 2 −2 , for ≥ 2, with initial conditions 0 = 0, 1 = 1, = −1 + 2 −2 , for ≥ 2, with initial conditions 0 = 2, 1 = 1.
The different number sequences have many generalizations in the literature (Bilgici, 2014; Edson & Yayenie, 2009; Horadam, 1961; Uygun, 2018; Uygun & Owusu, 2016; 2017; Yayenie, 2011) . Bi-periodic Fibonacci numbers are well-known (Edson & Yayenie, 2009; Yayenie, 2011) . Bilgici introduced bi-periodic Lucas numbers in (Bilgici, 2014) . In (Uygun & Owusu, 2016) , bi-periodic Jacobsthal and in (Uygun, 2018) bi-periodic Jacobsthal-Lucas numbers were defined as, respectively, ̂= {̂− 1 + 2̂− 2 , if is even −1 + 2̂− 2 , if is odd
where , non-zero numbers have initial values ̂0 = 0,̂1 = 1 0 = 2, 1 = .
In (Uygun & Owusu, 2017) , some relationships between these numbers were obtained as = 2̂− 1 +̂+ 1 and ( + 8)̂= 2 −1 + +1 . The generating function of the sequence *̂+ is ( ) = with the following properties:
For further information about these sequences, see (Uygun, 2018; Uygun & Owusu, 2016) .
quaternion in the form = 0 0 + 1 1 + 2 2 + 3 3 where 0 , 1 , 2 , 3 are real numbers. The set of quaternions is denoted by = * = 0 0 + 1 1 + 2 2 + 3 3 ∶ ∈ ℝ, = 0,1,2,3+
is a 4-dimensional ℝ-vector space with basis * 0 , 1 , 2 , 3 +. The basis satisfies the following: 1 2 = 2 2 = 3 2 = 1 2 3 = −1, 1 2 = 3 = − 2 1 , 2 3 = 1 = − 3 2 and 3 1 = 2 = − 1 3 . * the conjugate of the quaternion is defined by * = 0 0 − 1 1 − 2 2 − 3 3 .
The number sequences have many applications in quaternion theory. The study of the quaternions of the sequences began with the earlier work of Horadam (Horadam, 1993) where the Fibonacci quaternion was investigated. Several authors worked on different quaternions and their generalizations (Gül, 2018; Halıcı, 2012; Szynal-Liana & Wloch, 2016; Tan, Yılmaz & Sahin, 2016a; Tan, Yılmaz & Sahin, 2016b; Tascı, 2017) .
In 2016, Tan et al. defined bi-periodic Fibonacci and Lucas quaternions and obtained identities for them (Tan, Yılmaz & Sahin, 2016a; Tan, Yılmaz & Sahin, 2016b) . In this paper, we will introduce bi-periodic Jacobsthal and Jacobsthal-Lucas quaternions and give some of their properties.
2. The Bi-periodic Jacobsthal and the Bi-periodic Jacobsthal-Lucas Quaternions Definition 2.1. The bi-periodic Jacobsthal and the bi-periodic Jacobsthal-Lucas quaternions are defined by, respectively, ̂= ∑̂+ 3 =0
and ̂= ∑
where ̂ is the th bi-periodic Jacobsthal number and is the th bi-periodic Jacobsthal-Lucas number.
Lemma 2.2. Let ̂ and ̂ be the bi-periodic Jacobsthal and the bi-periodic Jacobsthal-Lucas quaternions, respectively. There exist some relations between bi-periodic Jacobsthal and bi-periodic Jacobsthal-Lucas quaternions, for , non-zero numbers, as in the followings:
ii. ̂2 +1 =̂2 + 2̂2 −1 and ̂2 =̂2 −1 + 2̂2 −2 ,
iii.
Proof. By using definitions of the bi-periodic Jacobsthal and Jacobsthal-Lucas sequences, we obtain the results (i) and (ii).
iii. Other proofs can be obtained using the equations = 2̂− 1 +̂+ 1 and ( + 8)̂= 2 −1 + +1 .
Theorem 2.3. The generating functions for the bi-periodic Jacobsthal and Jacobsthal-Lucas quaternions are
(1 − − 2 2 )(1 − ( + 4) 2 + 4 4 ) ,
respectively.
Proof. The generating function for ̂ is
By multiplying both sides of this equation byand −2 2 , we obtain
By using Definition 2.1 and ̂2 +1 =̂2 + 2̂2 −1 in Lemma 2.2, when adding these equations, we obtain
From Lemma 2.2, since we know that ̂2 =̂2 −1 + 2̂2 −2 , we have
and so Hence, we get
By rewriting (2.2) in equation (2.1), we obtain
(1 − ( + 4) 2 + 4 4 ) ,
(1 − − 2 2 )(1 − ( + 4) 2 + 4 4 ) . .
Proof. By using Definition 2.1 and the Binet formulas of bi-periodic Jacobsthal and bi-periodic Jacobsthal-Lucas numbers, we obtain the desired results. ( ) ( − )( * * * * 2 − * * * * 2 ).
Proof.
̂2 ( ( − )( * * * * 2 − * * * * 2 ).
Since Cassini's identity is a special case of Catalan's identity, the proof is seen by taking = 1. 
.
D'ocagne's property for the bi-periodic Jacobsthal-Lucas quaternion can be proven similarly. The other part of the proof is calculated using the same method.
Theorem 2.9. For is even and > , we have
Proof. Let be even. Additionally, we know that is even with > . Thus, we obtain as follows: 
The equation is provided in the case is odd. Similarly, we see the other part of the proof for bi-periodic Jacobsthal-Lucas quaternions.
Theorem 2.10. For is even and > , we have When is odd, the proof is calculated using the same method.
Similarly, we see the other part of the proof by using the Binet formula for bi-periodic Jacobsthal-Lucas quaternion.
Theorem 2.11. For ≥ ≥ 0 such that is even, we have the following summation formulas:
Proof. For the bi-periodic Jacobsthal-Lucas quaternion, desired result can be seen.
Finally, we give the relationships between bi-periodic Jacobsthal quaternion and bi-periodic Jacobsthal-Lucas quaternion. In Theorem 2.12, the identities given in Lemma 2.2 (v and vi) will be proven by using the Binet Formula.
Theorem 2.12. There are the relationships between bi-periodic Jacobsthal quaternion ̂ and bi-periodic Jacobsthal-Lucas quaternion ̂ as follows:
Proof. For is even, by using the Binet formulas, we obtain = ( − ) 2 (̂2 + 2 ( * * * * + * * * * )) = ( + 8) (̂2 + 2 ( * * * * + * * * * )).
